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Abstract
We investigate the behavior of the second fundamental form of
an isometric immersion of a space form with negative curvature into a
space form so that the extrinsic curvature is negative. If the immersion
has flat normal bundle, we prove that its second fundamental form
grows exponentially.
It is a long-standing problem if the complete hyperbolic space Hn can
be isometrically immersed in the Euclidean space R2n−1. In fact, the non-
existence of such an immersion has been frequently conjectured; see Yau [12],
Moore [10] and Gromov [8]. A positive answer to the conjecture would be a
natural generalization to higher dimensions of the classical result from 1901
by Hilbert for the hyperbolic plane. On one hand, Cartan [4] in 1920 showed
that Hn, n ≥ 3, cannot be isometrically immersed in R2n−2 even locally. On
the other hand, he proved that there exists an abundance of local isometric
immersions of Hn into R2n−1 and that these have all flat normal bundle.
Nikolayevsky [11] proved that complete non-simply connected Rieman-
nian manifolds of constant negative sectional curvature cannot be isometri-
cally immersed into Euclidean space with flat normal bundle. Let Qmc denote
a complete simply connected m-dimensional Riemannian manifold of con-
stant sectional curvature c, that is, the Euclidean space Rm, the Euclidean
sphere Smc or the hyperbolic space H
m
c according to whether c = 0, c > 0 or
c < 0, respectively. It was observed in [7] that the proof by Nikolayevsky
gives, in fact, the following slightly more general result:
If there exists an isometric immersion f : Mnc → Q
n+p
c˜ , n ≥ 2 and c < 0,
with flat normal bundle of a complete Riemannian manifold Mnc of constant
sectional curvature c with c < c˜, then Mnc = H
n
c .
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In view of Nikolayevsky’s result, the following weaker version of the prob-
lem discussed above has already been considered by Brander [3].
PROBLEM: Do isometric immersions with flat normal bundle of Hnc into
Q
n+p
c˜ for n ≥ 2 and c < c˜ exist?
In this paper, we analyze the behavior of the second fundamental form of
a possible submanifold as in the problem above, and conclude that it must
have exponential growth, as defined next.
Let f : Mn → Qn+pc˜ be an isometric immersion of a complete non-compact
Riemannian manifold Mn. It is said that the second fundamental form
αf : TM × TM → NfM of f has exponential growth if there exist x0 ∈ M
n
and positive constants k, ℓ ∈ R such that
max {‖αf (x)‖ : x ∈ Dr(x0)} ≥ ke
ℓr
for any r > r0 for some r0 > 0, where Dr(x0) denotes the closed geodesic
ball of Mn of radius r centered at x0 and ‖αf‖ is the norm of the second
fundamental form given by
‖αf(x)‖
2 =
∑
i,j
‖αf (Xi, Xj)(x)‖
2
where X1, . . . , Xn ∈ TxM is an orthonormal basis.
Theorem 1. If a complete n-dimensional Riemannian manifold Mnc , n ≥ 2
and c < 0, admits an isometric immersion f : Mnc → Q
n+p
c˜ , c < c˜, with flat
normal bundle then Mnc = H
n
c and the second fundamental form of f has
exponential growth.
The above gives as corollary the result due to Bolotov [2] that there is
no isometric immersion of Hnc into R
n+p with mean curvature vector field of
bounded length.
The conclusion of Theorem 1 does not hold if the assumption of having
flat normal bundle is dropped. For instance, it was shown by Aminov [1]
that the example constructed by Rozendorn of an isometric immersion of H2
in R5 has no flat normal bundle and that the norm of its second fundamental
form is globally bounded.
The aforementioned result for codimension p = n− 1 due to Cartan has
the following immediate consequence:
Corollary 2. If there exists an isometric immersion f : Hnc → Q
2n−1
c˜ with
c < c˜ then the second fundamental form of f has exponential growth.
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1 The proof
Let f : Mn → Qn+pc˜ be an isometric immersion of a Riemannian manifoldM
n
into the space form Qn+pc˜ . If the immersion f has flat normal bundle, that
is, if at any point the curvature tensor of the normal connection vanishes,
then it is a standard fact (cf. [7]) that at any point x ∈ Mn there exists a set
of unique pairwise distinct normal vectors ηi(x) ∈ NfM(x), 1 ≤ i ≤ s(x),
called the principal normals of f at x, and an associate orthogonal splitting
of the tangent space as
TxM = Eη1(x)⊕ · · · ⊕Eηs(x),
where
Eηi(x) =
{
X ∈ TxM : αf (X, Y ) = 〈X, Y 〉ηi for all Y ∈ TxM
}
.
The multiplicity of a principal normal ηi ∈ NfM(x) of f at x ∈ M
n is
the dimension of the tangent subspace Eηi(x). If s(x) = k is constant on
Mn, then the maps x ∈ Mn 7→ ηi(x), 1 ≤ i ≤ k, are smooth vector fields,
called the principal normal vector fields of f . Moreover, also the distributions
x ∈Mn 7→ Eηi(x), 1 ≤ i ≤ k, are smooth.
In the sequel, let f : Mnc → Q
n+p
c˜ , c < c˜, be an isometric immersion with
flat normal bundle. Since C = c˜− c > 0, it follows from the Gauss equation
that any principal normal has multiplicity one. Thus, there exist exactly n
nonzero principal normal vector fields η1, . . . , ηn satisfying
〈ηi, ηj〉 = C, 1 ≤ i 6= j ≤ n. (1)
If Xi ∈ Γ(Eηi), 1 ≤ i ≤ n, is a unit local vector field then the local orthonor-
mal frame X1, . . . , Xn diagonalizes the second fundamental form of f , that
is,
αf (Xi, Xj) = δijηi, 1 ≤ i, j ≤ n,
where δij is the Kronecker delta. Such a frame is called a principal frame.
Lemma 3. The following holds:
∇XiXj = −λiXj(1/λi)Xi, 1 ≤ i 6= j ≤ n, (2)
where λi = 1
/√
‖ηi‖2 + C.
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Proof: The Codazzi equation is equivalent to
∇⊥Xjηi = 〈∇XiXi, Xj〉(ηi − ηj) (3)
and
〈∇XℓXj, Xi〉(ηi − ηj) = 〈∇XjXℓ, Xi〉(ηi − ηℓ) (4)
for all 1 ≤ i 6= j 6= ℓ 6= i ≤ n.
The vectors ηi − ηj and ηi − ηℓ, 1 ≤ i 6= j 6= ℓ 6= i ≤ n are linearly
independent. Suppose otherwise that ηi − ηj = µ(ηi − ηℓ). Taking the inner
product with ηi and using (1) gives ‖ηi‖
2 = C < 0, a contradiction.
It now follows from (4) that
∇XiXj = Γ
i
ijXi + Γ
j
ijXj , i 6= j,
where Γkij = 〈∇XiXj, Xk〉. Since Γ
j
ij = 〈∇XiXj , Xj〉 = 0, then
∇XiXj = Γ
i
ijXi = −Γ
j
iiXi.
On the other hand, taking the inner product of (3) with ηi and using (1) is
easily seen to give that Γjii = λiXj(1/λi), as we wished.
Lemma 4. For each x0 ∈ M
n
c there exists a diffeomorphism F : U → V from
an open subset U ⊂ Rn endowed with coordinates {u1, . . . , un} onto an open
neigborhood V ⊂Mnc of x0 such that the tangent frame√
‖η1‖2 + CF∗(∂/∂u1), . . . ,
√
‖ηn‖2 + CF∗(∂/∂un) (5)
is orthonormal and principal. Moreover, if Mnc is complete and simply con-
nected then F : Rn →Mnc is a diffeomorphism.
Proof: For the local existence, observe that Lemma 3 implies
[λiXi, λjXj] = 0, 1 ≤ i 6= j ≤ n.
For the proof of the global part, we follow a similar argument as in the
proof of Theorem 3 in [9] or Proposition 5.6 in [7]. Assume that Mnc is
complete and simply connected. Set Yi = λiXi and let ϕi(x, t), x ∈M
n
c , t ∈
R be the one-parameter group of diffeomorphisms generated by Yi. Since the
vector fields Yi, 1 ≤ i ≤ n, have bounded lengths, it follows that ϕi(x, t) is
defined for all values of x and t. Thus, for any x ∈Mnc , the map t 7→ ϕi(x, t)
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is the integral curve of Yi with ϕi(x, 0) = x. Let x0 be a fixed point in M
n
c
and define a function F = Fx0 : R
n →Mnc by
F (t1, t2, . . . , tn) = ϕn(ϕn−1(· · ·ϕ2(ϕ1(x0, t1), t2), · · · ), tn).
Since the Lie bracket [Yi, Yj] vanishes the parameter groups ϕi and ϕj com-
mute. This implies that
Fx0(t+ s) = ϕn(ϕn−1(· · ·ϕ2(ϕ1(Fx0(s), t1), t2), · · · ), tn) = FFx0(s)(t) (6)
where t = (t1, . . . , tn) and s = (s1, . . . , sn). Thus
F∗(s)∂i =
d
dt
|t=0 F (s1, . . . , si + t, . . . , sn) =
d
dt
|t=0 ϕi(F (s), t) = Yi(F (s)).
We claim that F is a covering map. Then this and that Mnc is simply
connected yields that F is a diffeomorphism, which gives the proof.
Given x ∈ Mnc , let B˜2ε(0) be an open ball of radius 2ε centered at the
origin such that Fx|B˜2ε(0) is a diffeomorphism onto B2ε(x) = Fx(B˜2ε(0)). Set
{x˜α}α∈A = F
−1(x) and denote by B˜2ε(x˜α) the open ball of radius 2ε centered
at x˜α. Define a map φα : B2ε(x)→ B˜2ε(x˜α) by
φα(y) = x˜α + F
−1
x (y).
From (6) we obtain
Fx0(φα(y)) = Fx0(x˜α + F
−1
x (y)) = FFx0(x˜α)(F
−1
x (y)) = Fx(F
−1
x (y)) = y
for all y ∈ B2ε(x). Thus Fx0 is a diffeomorphism from B˜2ε(x˜α) onto B2ε(x)
having φα as its inverse. In particular, this implies that B˜2ε(x˜α) and B˜2ε(x˜β)
are disjoint if α, β ∈ A are distinct indices. Finally, it remains to check that
if y˜ ∈ F−1x0 (Bε(x)), then y˜ ∈ B˜ε(x˜α) for some α ∈ A. This follows from the
fact that
Fx0(y˜ − F
−1
x (Fx0(y˜))) = FFx0(y˜)(−F
−1
x (Fx0(y˜))) = x.
For the last equality, observe from (6) that for all x, y ∈Mnc we have Fx(t) = y
if and only if Fy(−t) = x.
The third fundamental form IIIf(x) of f at x ∈M
n is given by
IIIf(X, Y )(x) = tr 〈αf(X, · ), αf(Y, · )〉, X, Y ∈ TxM.
Since αf has no kernel (that is, positive index of relative nullity), then IIIf(x)
is a positive definite inner product.
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Lemma 5. The Riemannian metric g0 = Cg + IIIf is flat where g is the
metric of Mnc . Moreover, the metric g
0 is complete if g is complete.
Proof: In terms of the system of principal coordinates {u1, . . . , un} given by
Lemma 4, we have
g0ij = Cgij + IIIf(∂/∂ui, ∂/∂uj) =
C
‖ηi‖2 + C
δij +
‖ηi‖
2
‖ηi‖2 + C
δij = δij.
Moreover, the metric g0 is complete since g0ij > Cgij.
Proof of Theorem 1. By Nikolayevsky’s result we have that Mnc = H
n
c . Let
F : Rn → Hnc be the global diffeomorphism given by Lemma 4. We endow
Rn with the pullbacks of the two metrics considered in Lemma 5 that are
still denoted by g and g0. Notice that (Rn, g0) is the standard flat Euclidean
space.
Given a smooth curve γ : [a, b] ⊂ R → Rn set
Sˆ(γ) = max
t∈[a,b]
‖αf‖
2(F (γ(t))).
We have from (5) that
gij =
1
‖ηi‖2 + C
δij ≥
1
Sˆ(γ) + C
δij .
Then, the lengths of γ satisfy
Lg0(γ) < (Sˆ(γ) + C)
1/2Lg(γ). (7)
Let γ : [a, b] → Rn and γ˜ : [a, b] → Rn be the unique Euclidean and
hyperbolic geodesics, respectively, joining γ(a) = γ˜(a) to γ(b) = γ˜(b). From
(7) we have
Lg0(γ) ≤ Lg0(γ˜) < (Sˆ(γ˜) + C)
1/2Lg(γ˜).
Thus, if γx,y is the unique hyperbolic geodesic joining x 6= y ∈ R
n, then the
distances with respect to g0 and g satisfy
dg0(x, y) < (Sˆ(γx,y) + C)
1/2dg(x, y). (8)
Fix x0 ∈ R
n and let Dgr(x0) and D
g0
r (x0) be the closed geodesic balls of
radius r > 0 centered at x0 with respect to g and g
0, respectively.
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It holds that
Dgr (x0) ⊂ int
(
Dg
0
ψ(r)(x0)
)
, (9)
where
ψ(r) = r(S(r) + C)1/2 and S(r) = max
x∈Dgr(x0)
(‖αf‖
2(F (x))).
In fact, if y ∈ Dgr (x0) we have using (8) that
dg0(x0, y) < (Sˆ(γx0,y) + C)
1/2dg(x0, y) ≤ r(Sˆ(γx0,y) + C)
1/2 ≤ ψ(r).
Then, we obtain using (9) that the volumes of the geodesic balls satisfy
Volg(D
g
r(x0)) ≤ Volg
(
Dg
0
ψ(r)(x0)
)
=
∫
Dg
0
ψ(r)
(x0)
Πni=1(‖ηi‖
2 + C)−1/2du1 ∧ · · · ∧ dun
<
∫
Dg
0
ψ(r)
(x0)
C−n/2du1 ∧ · · · ∧ dun = C
−n/2Volg0
(
Dg
0
ψ(r)(x0)
)
= rn (1 + S(r)/C)n/2 ωn,
where ωn is the volume of the Euclidean unit n-ball. Since Volg(D
g
r(x0)) is
well known to grow exponentially with r (for instance, see [5]), it follows that
also S(r) grows exponentially with r, and thus the second fundamental form
of f has exponential growth.
Remark 6. It is worth mentioning that it was shown in [6] that there is
no isometric immersion with flat normal bundle of a complete Riemannian
manifold Mnc , c > 0, into Q
n+p
c˜ with c < c˜. Notice that this follows using
Lemma 4.
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